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Abstract
In this paper, first we study dual representations and tensor representations of Hom-pre-
Lie algebras. Then we develop the cohomology theory of Hom-pre-Lie algebras in term of
the cohomology theory of Hom-Lie algebras. As applications, we study linear deformations
of Hom-pre-Lie algebras, which are characterized by the second cohomology groups of Hom-
pre-Lie algebras with the coefficients in the regular representation. The notion of a Nijenhuis
operator on a Hom-pre-Lie algebra is introduced which can generate trivial linear deformations
of a Hom-pre-Lie algebra. Finally, we introduce the notion of a Hessian structure on a Hom-
pre-Lie algebra, which is a symmetric nondegenerate 2-cocycle with the coefficient in the trivial
representation. We also introduce the notion of an O-operator on a Hom-pre-Lie algebra, by
which we give an equivalent characterization of a Hessian structure.
1 Introduction
The representation theory of an algebraic object is very important since it reveals some of its
profound structures hidden underneath. Furthermore, the cohomology theories of an algebraic
object occupy a central position since they can give invariants, e.g. they can control deformations
or extension problems. Representations and cohomology theories of various kinds of algebras have
been developed with a great success. In particular, the representation theory, the cohomology
theory and the deformation theory of Hom-Lie algebras were well studied in [1, 13, 15]. The
purpose of this paper is to develop the representation theory and the cohomology theory of Hom-
pre-Lie algebras.
In the study of σ-derivations of an associative algebra, Hartwig, Larsson and Silvestrov intro-
duced the notion of a Hom-Lie algebra in [7].
Definition 1.1. A Hom-Lie algebra is a triple (g, [·, ·], α) consisting of a linear space g, a skew-
symmetric bilinear map [·, ·] : ∧2g −→ g and an algebra morphism α : g −→ g, satisfying:
[α(x), [y, z]] + [α(y), [z, x]] + [α(z), [x, y]] = 0, ∀ x, y, z ∈ g. (1)
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Some q-deformations of the Witt and the Virasoro algebras have the structure of a Hom-Lie
algebra. Because of their close relation to discrete and deformed vector fields and differential
calculus [7, 11, 12], Hom-Lie algebras were widely studied. In particular, Hom-structures on
semisimple Lie algebras were studied in [8, 20]; Geometrization of Hom-Lie algebras were studied in
[3, 10]; Bialgebras for Hom-algebras were studied in [2, 16, 21, 22]; Recently, Elchinger, Lundengard,
Makhlouf and Silvestrov extend the result in [7] to the case of (σ, τ)-derivations ([6]).
The notion of a Hom-pre-Lie algebra was introduced in [14].
Definition 1.2. A Hom-pre-Lie algebra (A, ·, α) is a vector space A equipped with a bilinear product
· : A⊗A −→ A, and α ∈ gl(A), such that for all x, y, z ∈ A, α(x ·y) = α(x) ·α(y) and the following
equality is satisfied:
(x · y) · α(z)− α(x) · (y · z) = (y · x) · α(z)− α(y) · (x · z). (2)
Hom-pre-Lie algebras play important role in the construction of Hom-Lie 2-algebras ([17]).
The geometrization of Hom-pre-Lie algebras was studied in [23], universal α-central extensions of
Hom-pre-Lie algebras were studied in [18] and the bialgebra theory of Hom-pre-Lie algebras was
studied in [19]. There is a close relationship between Hom-pre-Lie algebras and Hom-Lie algebras:
a Hom-pre-Lie algebra (A, ·, α) gives rise to a Hom-Lie algebra (A, [·, ·]C , α) via the commutator
bracket, which is called the subadjacent Hom-Lie algebra and denoted by AC . Furthermore, the
map L : A −→ gl(A), defined by Lxy = x · y for all x, y ∈ A, gives rise to a representation of the
subadjacent Hom-Lie algebra AC on A with respect to α ∈ gl(A).
Even though there are important applications of Hom-pre-Lie algebras, cohomologies of Hom-
pre-Lie algebras have not been well developed due to the difficulty. The purpose of this paper is
to study the cohomology theory of Hom-pre-Lie algebras and give its applications.
The notion of a representation of a Hom-pre-Lie algebra was introduced in [19] in the study
of Hom-pre-Lie bialgebras (Hom-left-symmetric bialgebras). However, one need to add some com-
plicated conditions to obtain the dual representation, which is not convenient in applications. In
this paper, we give the natural formula of a dual representation, which is nontrivial. Moreover,
we show that there is well-defined tensor product of two representations of a Hom-pre-Lie algebra.
This is the content of Section 3.
In Section 4, we give the cohomology theory of a Hom-pre-Lie algebra (A, ·, α) with the coef-
ficient in a representation (V ; ρ, µ). The main contribution is to define the coboundary operator
∂ : Hom(∧nA ⊗ A, V ) −→ Hom(∧n+1A ⊗ A, V ). To do that, first we show that the subadja-
cent Hom-Lie algebra AC represents on Hom(A, V ) naturally and we obtain a cochain complex
(⊕nHom(∧
nAC ,Hom(A, V )), d). Moreover, there holds: ∂ ◦ Φ = Φ ◦ d, where Φ is the natural
isomorphism from Hom(∧nAC ,Hom(A, V )) to Hom(∧nA ⊗ A, V ). Therefore, the operator ∂ is
indeed a coboundary operator, i.e. satisfies ∂ ◦ ∂ = 0. Consequently, we establish the cohomology
theory for Hom-pre-Lie algebras.
In Section 5, we study linear deformations of a Hom-pre-Lie algebra using the cohomology with
the coefficient in the regular representation defined in Section 4. We introduce the notion of a
Nijenhuis operator on a Hom-pre-Lie algebra and show that it gives rise to a trivial deformation.
Finally, we study the relation between linear deformations of a Hom-pre-Lie algebra and linear
deformations of its subadjacent Hom-Lie algebra.
In Section 6, first we define O-operators on a Hom-pre-Lie algebra with respect to a repre-
sentation and give its relation to Nijenhuis operators. Then we define a Hessian structure on a
Hom-pre-Lie algebra (A, ·, α) to be a nondegenerate 2-cocycle B ∈ Sym2(A∗), and show that there
is a one-to-one correspondence between some special O-operators on a Hom-pre-Lie algebra (A, ·, α)
with respect to the representation (A∗, (α−1)∗, L⋆ −R⋆,−R⋆) and Hessian structures on (A, ·, α).
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2 Preliminaries
In this section, we recall representations, cohomologies and dual representations of Hom-Lie alge-
bras. Throughout the paper, all the Hom-Lie algebras are regular.
Definition 2.1. ([15, Definition 4.1]) A representation of a Hom-Lie algebra (g, [·, ·], α) on a
vector space V with respect to β ∈ gl(V ) is a linear map ρ : g −→ gl(V ), such that for all x, y ∈ g,
the following equalities are satisfied:
ρ(α(x)) ◦ β = β ◦ ρ(x), (3)
ρ([x, y]) ◦ β = ρ(α(x)) ◦ ρ(y)− ρ(α(y)) ◦ ρ(x). (4)
We denote a representation by (V, β, ρ). For all x ∈ g, we define adx : g → g by
adx(y) = [x, y], ∀y ∈ g. (5)
Then ad : g −→ gl(g) is a representation of the Hom-Lie algebra (g, [·, ·], α) on g with respect to α,
which is called the adjoint representation.
Lemma 2.2. Let (g, [·, ·], α) be a Hom-Lie algebra, (V, β) a vector space with a linear transforma-
tion and ρ : g→ gl(V ) a linear map. Then (V, β, ρ) is a representation of (g, [·, ·], α) if and only if
(g⊕ V, [·, ·]ρ, α+ β) is a Hom-Lie algebra, where [·, ·]ρ and α+ β are defined by
[x+ u, y + v]ρ = [x, y] + ρ(x)v − ρ(y)u, (6)
(α+ β)(x + u) = α(x) + β(u). (7)
for all x, y ∈ g, u, v ∈ V .
This Hom-Lie algebra is called the semidirect product of (g, [·, ·], α) and (V, β), and denoted by
g⋉ρ V.
Given a representation (V, β, ρ) of a Hom-Lie algebra (g, [·, ·], α), the set of k-cochains is given
by
Ck(g;V ) = Hom(∧kg, V ), ∀k ≥ 0. (8)
Define d : Ck(g;V ) −→ Ck+1(g;V ) by
(df)(x1, · · · , xk+1) =
k+1∑
i=1
(−1)i+1ρ(xi)
(
f(α−1(x1), · · · , α̂−1(xi), · · · , α
−1(xk+1))
)
+
∑
1≤i<j≤k+1
(−1)i+jβf([α−2(xi), α
−2(xj)], α
−1(x1), · · · , α̂−1(xi), · · · , ̂α−1(xj), · · · , α
−1(xk+1)).
Then we have
d ◦ d = 0.
See [4] for more details. Denote by Zk(g;V ) the set of closed k-cochains, Bk(g;V ) the set of exact
k-cochains, Hk(g;V ) = Zk(g;V )/Bk(g;V ) the corresponding cohomology groups.
Let (V, β, ρ) be a representation of a Hom-Lie algebra (g, [·, ·], α). In the sequel, we always
assume that β is invertible. Define ρ∗ : g −→ gl(V ∗) as usual by
〈ρ∗(x)(ξ), u〉 = −〈ξ, ρ(x)(u)〉, ∀x ∈ g, u ∈ V, ξ ∈ V ∗.
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However, in general ρ∗ is not a representation of g anymore. Define
ρ⋆ : g −→ gl(V ∗)
by
ρ⋆(x)(ξ) := ρ∗(α(x))
(
(β−2)∗(ξ)
)
, ∀x ∈ g, ξ ∈ V ∗. (9)
Lemma 2.3. ([2, Lemma 3.4]) Let (V, β, ρ) be a representation of a Hom-Lie algebra (g, [·, ·], α).
Then (V ∗, (β−1)∗, ρ⋆) is a representation of (g, [·, ·], α), where ρ⋆ : g −→ gl(V ∗) is defined by (9).
The representation is called the dual representation of the representation (V, β, ρ).
3 Representations of Hom-pre-Lie algebras
Let (A, ·, α) be a Hom-pre-Lie algebra. We always assume that it is regular, i.e. α is invertible.
The commutator [x, y]C = x · y − y · x gives a Hom-Lie algebra (A, [·, ·]C , α), which is denoted by
AC and called the sub-adjacent Hom-Lie algebra of (A, ·, α).
Definition 3.1. A morphism from a Hom-pre-Lie algebra (A, ·, α) to a Hom-pre-Lie algebra
(A′, ·′, α′) is a linear map f : A −→ A′ such that for all x, y ∈ A, the following equalities are
satisfied:
f(x · y) = f(x) ·′ f(y), ∀x, y ∈ A, (10)
f ◦ α = α′ ◦ f. (11)
Definition 3.2. A representation of a Hom-pre-Lie algebra (A, ·, α) on a vector space V with
respect to β ∈ gl(V ) consists of a pair (ρ, µ), where ρ : A −→ gl(V ) is a representation of the
sub-adjacent Hom-Lie algebra AC on V with respect to β ∈ gl(V ), and µ : A −→ gl(V ) is a linear
map, for all x, y ∈ A, satisfying:
β ◦ µ(x) = µ(α(x)) ◦ β, (12)
µ(α(y)) ◦ µ(x) − µ(x · y) ◦ β = µ(α(y)) ◦ ρ(x)− ρ(α(x)) ◦ µ(y). (13)
We denote a representation of a Hom-pre-Lie algebra (A, ·, α) by (V, β, ρ, µ). We define a
bilinear operation ·⋉ : ⊗
2(A⊕ V ) → (A⊕ V ) by
(x+ u) ·⋉ (y + v) := x · y + ρ(x)(v) + µ(y)(u), ∀x, y ∈ A, u, v ∈ V. (14)
and a linear map α+ β : A⊕ V −→ A⊕ V by
(α+ β)(x + u) := α(x) + β(u), ∀x ∈ A, u ∈ V. (15)
It is straightforward to obtain the following result.
Proposition 3.3. With the above notations, (A⊕V, ·⋉, α+ β) is a Hom-pre-Lie algebra, which is
denoted by A ⋉(ρ,µ) V and called the semi-direct product of the Hom-pre-Lie algebra (A, ·, α) and
the representation (V, β, ρ, µ).
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Example 3.4. Let {e1, e2} be a basis of 2-dimensional vector space A. Define a product on A by
e1 · e2 = 0, e2 · e1 = e1, e1 · e1 = 0, e2 · e2 = e1 + e2.
Let α =
(
1 1
0 1
)
. More precisely, α(e1) = e1, α(e2) = e1 + e2. Then (A, ·, α) is a Hom-pre-Lie
algebra.
Example 3.5. Let (A, ·, α) be a Hom-pre-Lie algebra. Define L,R : A −→ gl(A) by
Lxy = x · y, Rxy = y · x, ∀x, y ∈ A.
Then (A,α, L,R) is a representation of (A, ·, α), which is called the regular representation.
Example 3.6. Let (A, ·, α) be a Hom-pre-Lie algebra. Then (R, 1, 0, 0) is a representation of
(A, ·, α), which is called the trivial representation.
Proposition 3.7. Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ·, α). Then
(V, β, ρ− µ) is a representation of the sub-adjacent Hom-Lie algebra AC .
Proof. By Proposition 3.3, we have the semidirect product Hom-pre-Lie algebra A⋉(ρ,µ) V . Con-
sider its sub-adjacent Hom-Lie algebra structure (A⊕ V, [·, ·]C , α+ β), we have
[x + u, y + v]C = (x+ u) ·⋉ (y + v)− (y + v) ·⋉ (x + u)
= x ·A y + ρ(x)(v) + µ(y)(u)− y ·A x− ρ(y)(u)− µ(x)(v)
= [x, y]C + (ρ(x) − µ(x))v − (ρ(y)− µ(y))u,
and
(α+ β)(x + u) = α(x) + β(u).
By Lemma 2.2, we deduce that (V, β, ρ− µ) is a representation of the Hom-Lie algebra AC .
Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ·, α). In the sequel, we always
assume that β is invertible. For all x ∈ A, u ∈ V, ξ ∈ V ∗, define ρ∗ : A −→ gl(V ∗) and µ∗ : A −→
gl(V ∗) as usual by
〈ρ∗(x)(ξ), u〉 = −〈ξ, ρ(x)(u)〉, 〈µ∗(x)(ξ), u〉 = −〈ξ, µ(x)(u)〉.
Then define ρ⋆ : A −→ gl(V ∗) and µ⋆ : A −→ gl(V ∗) by
ρ⋆(x)(ξ) := ρ∗(α(x))
(
(β−2)∗(ξ)
)
, (16)
µ⋆(x)(ξ) := µ∗(α(x))
(
(β−2)∗(ξ)
)
. (17)
Theorem 3.8. Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ·, α). Then (V ∗, (β−1)∗, ρ⋆−
µ⋆,−µ⋆) is a representation of (A, ·, α), which is called the dual representation of (V, β, ρ, µ).
Proof. Since (V, β, ρ, µ) is a representation of a Hom-pre-Lie algebra (A, ·, α). By Proposition 3.7,
we deduce that (V, β, ρ−µ) is a representation of the sub-adjacent Hom-Lie algebra AC . Moreover,
by Lemma 2.3, we obtain that
(V ∗, (β−1)∗, (ρ− µ)⋆ = ρ⋆ − µ⋆)
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is a representation of the Hom-Lie algebra AC .
By (12) and (17), for all x ∈ A, ξ ∈ V ∗, we have
−µ⋆(α(x))
(
(β−1)∗(ξ)
)
= −µ∗(α2(x))
(
(β−3)∗(ξ)
)
= (β−1)∗
(
− µ∗(α(x))
)(
(β−2)∗(ξ)
)
= (β−1)∗
(
− µ⋆(x)(ξ)
)
,
which implies that
− µ⋆(α(x)) ◦ (β−1)∗ = (β−1)∗ ◦ (−µ⋆(x)). (18)
By (3), (12), (13) and (17), for all x, y ∈ A, ξ ∈ V ∗ and u ∈ V , we have
〈
µ⋆(x · y)
(
(β−1)∗(ξ)
)
, u
〉
=
〈
µ∗
(
α(x) · α(y)
)(
(β−3)∗(ξ)
)
, u
〉
= −
〈
(β−3)∗(ξ), µ
(
α(x) · α(y)
)
(u)
〉
= −
〈
(β−3)∗(ξ), µ(α2(y))
(
µ(α(x))(β−1(u))
)
− µ(α2(y))
(
ρ(α(x))(β−1(u))
)
+ρ(α2(x))
(
µ(α(y))(β−1(u))
)〉
= −
〈
(β−4)∗(ξ), µ(α3(y))
(
µ(α2(x))(u)
)
− µ(α3(y))
(
ρ(α2(x))(u)
)
+ ρ(α3(x))
(
µ(α2(y))(u)
)〉
= −
〈
µ∗(α2(x))
(
µ∗(α3(y))((β−4)∗(ξ))
)
− ρ∗(α2(x))
(
µ∗(α3(y))((β−4)∗(ξ))
)
+µ∗(α2(y))
(
ρ∗(α3(x))((β−4)∗(ξ))
)
, u
〉
= −
〈
µ∗(α2(x))
(
µ⋆(α2(y))((β−2)∗(ξ))
)
− ρ∗(α2(x))
(
µ⋆(α2(y))((β−2)∗(ξ))
)
+µ∗(α2(y))
(
ρ⋆(α2(x))((β−2)∗(ξ))
)
, u
〉
= −
〈
µ∗(α2(x))
(
(β−2)∗(µ⋆(y)(ξ))
)
− ρ∗(α2(x))
(
(β−2)∗(µ⋆(y)(ξ))
)
+µ∗(α2(y))
(
(β−2)∗(ρ⋆(x)(ξ))
)
, u
〉
= −
〈
µ⋆(α(x))
(
µ⋆(y)(ξ)
)
− ρ⋆(α(x))
(
µ⋆(y)(ξ)
)
+ µ⋆(α(y))
(
ρ⋆(x)(ξ)
)
, u
〉
,
which implies that
µ⋆(α(y)) ◦ µ⋆(x) + µ⋆(x · y) ◦ (β−1)∗ = −µ⋆(α(y)) ◦ (ρ⋆ − µ⋆)(x) + (ρ⋆ − µ⋆)(α(x)) ◦ µ⋆(y). (19)
By (18) and (19), we deduce that (V ∗, (β−1)∗, ρ⋆ − µ⋆,−µ⋆) is a representation of (A, ·, α).
Consider the dual representation of the regular representation, we have
Corollary 3.9. Let (A, ·, α) be a Hom-pre-Lie algebra. Then (A∗, (α−1)∗, ad⋆ = L⋆−R⋆,−R⋆) is
a representation of (A, ·, α).
Proposition 3.10. Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ·, α). Then
the dual representation of (V ∗, (β−1)∗, ρ⋆, µ⋆) is (V, β, ρ, µ).
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Proof. It is obviously that (V ∗)∗ = V , (((β−1)∗)−1)∗ = β. By Lemma 3.7 in [2], we obtain
(ρ⋆)⋆ = ρ. Similarly, we have (µ⋆)⋆ = µ. The proof is finished.
Proposition 3.11. Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ·, α). Then
the following conditions are equivalent:
(i) (V, β, ρ− µ,−µ) is a representation of the Hom-pre-Lie algebra (A, ·, α),
(ii) (V ∗, (β−1)∗, ρ⋆, µ⋆) is a representation of the Hom-pre-Lie algebra (A, ·, α),
(iii) µ(α(x)) ◦ µ(y) = −µ(α(y)) ◦ µ(x), for all x, y ∈ A.
Proof. By Theorem 3.8 and Proposition 3.10, we obtain that condition (i) is equivalent to condition
(ii). Since (V, β, ρ, µ) is a representation of a Hom-pre-Lie algebra (A, ·, α), we deduce that condition
(i) is equivalent to condition (iii).
At the end of this section, we show that the tensor product of two representations of a Hom-
pre-Lie algebra is still a representation.
Proposition 3.12. Let (A, ·, α) be a Hom-pre-Lie algebra, (V, βV , ρV , µV ) and (W,βW , ρW , µW )
its representations. Then (V ⊗W,βV ⊗βW , ρV ⊗βW+βV ⊗(ρW−µW ), µV ⊗βW ) is a representation
of (A, ·, α).
Proof. Since (V, βV , ρV , µV ) and (W,βW , ρW , µW ) are representations of a Hom-pre-Lie algebra
(A, ·, α), for all x ∈ A, we have
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(α(x)) ◦ (βV ⊗ βW )
−(βV ⊗ βW ) ◦
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(x)
=
(
ρV (α(x)) ◦ βV
)
⊗ (βW ◦ βW ) + (βV ◦ βV )⊗
(
ρW (α(x)) ◦ βW
)
−(βV ◦ βV )⊗
(
µW (α(x)) ◦ βW
)
−
(
βV ◦ ρV (x)
)
⊗ (βW ◦ βW )
−(βV ◦ βV )⊗
(
βW ◦ ρW (x)
)
+ (βV ◦ βV )⊗
(
βW ◦ µW (x)
)
= 0,
which implies that
(
ρV ⊗βW+βV ⊗(ρW−µW )
)
(α(x))◦(βV ⊗βW ) = (βV ⊗βW )◦
(
ρV ⊗βW+βV ⊗(ρW−µW )
)
(x). (20)
Similarly, we have
(µV ⊗ βW )(α(x)) ◦ (βV ⊗ βW ) = (βV ⊗ βW ) ◦ (µV ⊗ βW )(x). (21)
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For all x, y ∈ A, by straightforward computations, we have(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
([x, y]) ◦ (βV ⊗ βW )
−
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(α(x)) ◦
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(y)
+
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(α(y)) ◦
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(x)
=
(
ρV ([x, y]) ◦ βV
)
⊗ (βW ◦ βW ) + (βV ◦ βV )⊗
(
ρW ([x, y]) ◦ βW
)
−(βV ◦ βV )⊗
(
µW ([x, y]) ◦ βW
)
−
(
ρV (α(x)) ◦ ρV (y)
)
⊗ (βW ◦ βW )
−
(
ρV (α(x)) ◦ βV
)
⊗
(
βW ◦ ρW (y)
)
+
(
ρV (α(x)) ◦ βV
)
⊗
(
βW ◦ µW (y)
)
−
(
βV ◦ ρV (y)
)
⊗
(
ρW (α(x)) ◦ βW
)
− (βV ◦ βV )⊗
(
ρW (α(x)) ◦ ρW (y)
)
+(βV ◦ βV )⊗
(
ρW (α(x)) ◦ µW (y)
)
+
(
βV ◦ ρV (y)
)
⊗
(
µW (α(x)) ◦ βW
)
+(βV ◦ βV )⊗
(
µW (α(x)) ◦ ρW (y)
)
− (βV ◦ βV )⊗
(
µW (α(x)) ◦ µW (y)
)
+
(
ρV (α(y)) ◦ ρV (x)
)
⊗ (βW ◦ βW ) +
(
ρV (α(y)) ◦ βV
)
⊗
(
βW ◦ ρW (x)
)
−
(
ρV (α(y)) ◦ βV
)
⊗
(
βW ◦ µW (x)
)
+
(
βV ◦ ρV (x)
)
⊗
(
ρW (α(y)) ◦ βW
)
+(βV ◦ βV )⊗
(
ρW (α(y)) ◦ ρW (x)
)
− (βV ◦ βV )⊗
(
ρW (α(y)) ◦ µW (x)
)
−
(
βV ◦ ρV (x)
)
⊗
(
µW (α(y)) ◦ βW
)
− (βV ◦ βV )⊗
(
µW (α(y)) ◦ ρW (x)
)
+(βV ◦ βV )⊗
(
µW (α(y)) ◦ µW (x)
)
= 0,
which implies that(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
([x, y]) ◦ (βV ⊗ βW )
=
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(α(x)) ◦
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(y)
−
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(α(y)) ◦
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(x). (22)
Similarly, we have
(µV ⊗ βW )(α(y)) ◦
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(x)
−
(
ρV ⊗ βW + βV ⊗ (ρW − µW )
)
(α(x)) ◦ (µV ⊗ βW )(y)
= (µV ⊗ βW )(α(y)) ◦ (µV ⊗ βW )(x) − (µV ⊗ βW )(x · y) ◦ (βV ⊗ βW ). (23)
By (20), (21), (22), (23), we deduce that (V ⊗W,βV ⊗ βW , ρV ⊗ βW + βV ⊗ (ρW −µW ), µV ⊗ βW )
is a representation of (A, ·, α).
4 Cohomologies of Hom-pre-Lie algebras
In this section, we establish the cohomology theory of Hom-pre-Lie algebras. See [5] for more
details for the cohomology theory of pre-Lie algebras.
Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ·, α). We define Adβα ∈
gl(Hom(A, V )) by
Adβα(f) = β ◦ f ◦ α
−1, ∀f ∈ Hom(A, V ), (24)
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and define ρˆ : AC −→ gl(Hom(A, V )) by
ρˆ(x)(f)(y) = ρ(x)f(α−1(y)) + µ(y)f(α−1(x)) −Adβα(f)(α
−1(x · y)), (25)
for all f ∈ Hom(A, V ), x, y ∈ A.
Theorem 4.1. Let (A, ·, α) be a Hom-pre-Lie algebra and (V, β, ρ, µ) its representation. Then ρˆ
is a representation of the sub-adjacent Hom-Lie algebra AC on the vector space Hom(A, V ) with
respect to Adβα.
Proof. By (3) and (12), for all x, y ∈ A, f ∈ Hom(A, V ), we have
(
ρˆ(α(x)) ◦Adβα −Ad
β
α ◦ ρˆ(x)
)
(f)(y)
= ρ(α(x))Adβα(f)(α
−1(y)) + µ(y)Adβα(f)(x) − (Ad
β
α)
2(f)
(
α−1(α(x) · y)
)
−β
(
ρ(x)f(α−2(y)) + µ(α−1(y))f(α−1(x)) −Adβα(f)(α
−1(x · α−1(y)))
)
= ρ(α(x))βf(α−2(y)) + µ(y)βf(α−1(x)) − β2f
(
α−2(x · α−1(y))
)
−βρ(x)f(α−2(y))− βµ(α−1(y))f(α−1(x)) + β2f
(
α−2(x ·A α
−1(y))
)
= 0.
Thus, we have
Adβα ◦ ρˆ(x) = ρˆ(α(x)) ◦Ad
β
α. (26)
For all x, y, z ∈ A, f ∈ Hom(A, V ), by Definition 3.2 and the definition of a Hom-pre-Lie algebra,
we have (
ρˆ(α(x)) ◦ ρˆ(y)− ρˆ(α(y)) ◦ ρˆ(x) − ρˆ([x, y]C) ◦Ad
β
α
)
(f)(z)
= ρ(α(x))
(
ρˆ(y)(f)
)
(α−1(z)) + µ(z)
(
ρˆ(y)(f)
)
(x)−Adβα
(
ρˆ(y)(f)
)
(x · α−1(z))
−ρ(α(y))
(
ρˆ(x)(f)
)
(α−1(z))− µ(z)
(
ρˆ(x)(f)
)
(y) + Adβα
(
ρˆ(x)(f)
)
(y · α−1(z))
−ρ([x, y]C)Ad
β
α(f)(α
−1(z))− µ(z)Adβα(f)(α
−1([x, y]C)) + (Ad
β
α)
2(f)(α−1([x, y]C · z))
= ρ(α(x))ρ(y)f(α−2(z)) + ρ(α(x))µ(α−1(z))f(α−1(y))− ρ(α(x))βf(α−2(y) · α−3(z))
+µ(z)ρ(y)f(α−1(x)) + µ(z)µ(x)f(α−1(y))− µ(z)βf(α−2(y · x))
−βρ(y)f(α−2(x) · α−3(z))− βµ(α−1(x) · α−2(z))f(α−1(y))
+β2f
(
α−2(y) · (α−3(x) · α−4(z))
)
− ρ(α(y))ρ(x)f(α−2(z))
−ρ(α(y))µ(α−1(z))f(α−1(x)) + ρ(α(y))βf(α−2(x) · α−3(z))− µ(z)ρ(x)f(α−1(y))
−µ(z)µ(y)f(α−1(x)) + µ(z)βf(α−2(x · y)) + βρ(x)f(α−2(y) · α−3(z))
+βµ(α−1(y) · α−2(z))f(α−1(x)) − β2f
(
α−2(x) · (α−3(y) · α−4(z))
)
−ρ([x, y]C)βf(α
−2(z))− µ(z)βf(α−2([x, y]C)) + β
2f(α−3([x, y]C · z))
= ρ(α(x))ρ(y)f(α−2(z))− ρ(α(y))ρ(x)f(α−2(z))
−µ(z)βf(α−2(y · x)) + µ(z)βf(α−2(x · y))
+β2f
(
α−2(y) · (α−3(x) · α−4(z))
)
− β2f
(
α−2(x) · (α−3(y) · α−4(z))
)
−ρ([x, y]C)βf(α
−2(z))− µ(z)βf(α−2([x, y]C)) + β
2f(α−3([x, y]C · z))
= 0,
9
which implies that
ρˆ([x, y]C) ◦Ad
β
α = ρˆ(α(x)) ◦ ρˆ(y)− ρˆ(α(y)) ◦ ρˆ(x). (27)
By (26) and (27), we deduce that ρˆ is a representation of the Hom-Lie algebra AC on Hom(A, V )
with respect to Adβα.
Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ·, α). The set of (n+1)-cochains
is given by
Cn+1(A;V ) = Hom(∧nA⊗A, V ), ∀n ≥ 0. (28)
For all f ∈ Cn(A;V ), x1, . . . , xn+1 ∈ A, define the operator ∂ : C
n(A;V ) −→ Cn+1(A;V ) by
(∂f)(x1, . . . , xn+1) (29)
=
n∑
i=1
(−1)i+1ρ(xi)f(α
−1(x1), . . . , α̂−1(xi), . . . , α
−1(xn+1))
+
n∑
i=1
(−1)i+1µ(xn+1)f(α
−1(x1), . . . , α̂−1(xi), . . . , α
−1(xn), α
−1(xi))
−
n∑
i=1
(−1)i+1βf(α−1(x1), . . . , α̂−1(xi) . . . , α
−1(xn), α
−2(xi) · α
−2(xn+1))
+
∑
1≤i<j≤n
(−1)i+jβf([α−2(xi), α
−2(xj)]C , α
−1(x1), . . . , α̂−1(xi), . . . , ̂α−1(xj), . . . , α
−1(xn+1)).
To prove that the operator ∂ is indeed a coboundary operator, we need some preparations. For
vector spaces A and V , we have the natural isomorphism
Φ : Hom(∧n−1AC ,Hom(A, V )) −→ Hom(∧n−1A⊗A, V )
defined by
Φ(ω)(x1, . . . , xn−1, xn) = ω(x1, . . . , xn−1)(xn), ∀x1, . . . , xn−1, xn ∈ A. (30)
Proposition 4.2. Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ·, α). Then we
have the following commutative diagram
Hom(∧n−1AC ,Hom(A, V ))
d

Φ
// Hom(∧n−1A⊗A, V )
∂

Hom(∧nAC ,Hom(A, V ))
Φ
// Hom(∧nA⊗A, V ),
where d is the coboundary operator of the sub-adjacent Hom-Lie algebra AC with the coefficient in
the representation (Hom(A, V ),Adβα, ρˆ) and ∂ is defined by (29).
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Proof. For all ω ∈ Hom(∧n−1AC ,Hom(A, V )), we have
∂(Φ(ω))(x1, . . . , xn+1)
=
n∑
i=1
(−1)i+1ρ(xi)Φ(ω)(α
−1(x1), . . . , α̂−1(xi), . . . , α
−1(xn+1))
+
n∑
i=1
(−1)i+1µ(xn+1)Φ(ω)(α
−1(x1), . . . , α̂−1(xi), . . . , α
−1(xn), α
−1(xi))
−
n∑
i=1
(−1)i+1βΦ(ω)(α−1(x1), . . . , α̂−1(xi) . . . , α
−1(xn), α
−2(xi) · α
−2(xn+1))
+
∑
1≤i<j≤n
(−1)i+jβΦ(ω)([α−2(xi), α
−2(xj)]C , α
−1(x1), . . . , α̂−1(xi), . . . , ̂α−1(xj), . . . , α
−1(xn+1))
(30)
=
n∑
i=1
(−1)i+1ρ(xi)ω(α
−1(x1), . . . , α̂−1(xi), . . . , α
−1(xn))(α
−1(xn+1))
+
n∑
i=1
(−1)i+1µ(xn+1)ω(α
−1(x1), . . . , α̂−1(xi), . . . , α
−1(xn))(α
−1(xi))
−
n∑
i=1
(−1)i+1βω(α−1(x1), . . . , α̂−1(xi) . . . , α
−1(xn))(α
−2(xi) · α
−2(xn+1))
+
∑
1≤i<j≤n
(−1)i+jβω([α−2(xi), α
−2(xj)]C , α
−1(x1), . . . , α̂−1(xi), . . . , ̂α−1(xj), . . . , α
−1(xn))(α
−1(xn+1))
(24)
=
n∑
i=1
(−1)i+1ρ(xi)ω(α
−1(x1), . . . , α̂−1(xi), . . . , α
−1(xn))(α
−1(xn+1))
+
n∑
i=1
(−1)i+1µ(xn+1)ω(α
−1(x1), . . . , α̂−1(xi), . . . , α
−1(xn))(α
−1(xi))
−
n∑
i=1
(−1)i+1Adβαω(α
−1(x1), . . . , α̂−1(xi) . . . , α
−1(xn))(α
−1(xi) · α
−1(xn+1))
+
∑
1≤i<j≤n
(−1)i+jAdβαω([α
−2(xi), α
−2(xj)]C , α
−1(x1), . . . , α̂−1(xi), . . . , ̂α−1(xj), . . . , α
−1(xn))(xn+1)
(25)
=
n∑
i=1
(−1)i+1ρˆ(xi)ω(α
−1(x1), . . . , α̂−1(xi), . . . , α
−1(xn))(xn+1)
+
∑
1≤i<j≤n
(−1)i+jAdβαω([α
−2(xi), α
−2(xj)]C , α
−1(x1), . . . , α̂−1(xi), . . . , ̂α−1(xj), . . . , α
−1(xn))(xn+1)
= Φ(dω)(x1, . . . , xn, xn+1),
we deduce ∂ ◦ Φ = Φ ◦ d. The proof is finished.
Theorem 4.3. The operator ∂ : Cn(A;V ) −→ Cn+1(A;V ) defined as above satisfies ∂ ◦ ∂ = 0.
Proof. By Proposition 4.2, we have ∂ = Φ ◦ d ◦ Φ−1. Thus, we obtain ∂2 = Φ ◦ d ◦ d ◦ Φ−1 = 0.
The proof is finished.
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Denote the set of closed n-cochains by Zn(A;V ) and the set of exact n-cochains by Bn(A;V ).
We denote by Hn(A;V ) = Zn(A;V )/Bn(A;V ) the corresponding cohomology groups of the Hom-
pre-Lie algebra (A, ·, α) with the coefficient in the representation (V, β, ρ, µ). There is a close
relation between the cohomologies of Hom-pre-Lie algebras and the corresponding sub-adjacent
Hom-Lie algebras.
Proposition 4.4. Let (A, ·, α) be a Hom-pre-Lie algebra and (V, β, ρ, µ) its representation. Then
the cohomology groups Hn−1(AC ; Hom(A, V )) and Hn(A;V ) are isomorphic.
Proof. By Proposition 4.2, we deduce that Φ is an isomorphism from the cochain complex
(
C∗−1(AC ; Hom(A, V )), d
)
to the cochain complex
(
C∗(A;V ), ∂
)
. Thus, Φ induces an isomorphism Φ∗ fromH
∗−1(AC ; Hom(A, V ))
to H∗(A;V ).
We use ∂reg and ∂T to denote the coboundary operator of (A, ·, α) with the coefficients in the
regular representation and the trivial representation respectively. The corresponding cohomology
groups will be denoted byHn(A;A) andHn(A) respectively. The two cohomology groupsH2(A;A)
and H2(A) will play important roles in the later study.
5 Linear deformations of Hom-pre-Lie algebras
In this section, we study linear deformations of Hom-pre-Lie algebras using the cohomology defined
in the previous section, and introduce the notion of a Nijenhuis operator on a Hom-pre-Lie algebra.
We show that a Nijenhuis operator gives rise to a trivial deformation.
Let (A, ·, α) be a Hom-pre-Lie algebra. In the sequel, we will also denote the Hom-pre-Lie
multiplication · by Ω.
Definition 5.1. Let (A,Ω, α) be a Hom-pre-Lie algebra and ω ∈ C2(A;A) be a bilinear operator,
satisfying ω ◦ (α⊗ α) = α ◦ ω. If
Ωt = Ω+ tω
is still a Hom-pre-Lie multiplication on A for all t, we say that ω generates a (one-parameter)
linear deformation of a Hom-pre-Lie algebra (A,Ω, α).
It is direct to check that Ωt = Ω+ tω is a linear deformation of a Hom-pre-Lie algebra (A,Ω, α)
if and only if for any x, y, z ∈ g, the following two equalities are satisfied:
ω(x, y) · α(z) + ω(x · y, α(z))− α(x) · ω(y, z)− ω(α(x), y · z)
−ω(y, x) · α(z)− ω(y · x, α(z)) + α(y) · ω(x, z) + ω(α(y), x · z) = 0, (31)
ω(ω(x, y), α(z))− ω(α(x), ω(y, z))− ω(ω(y, x), α(z)) + ω(α(y), ω(x, z)) = 0. (32)
Obviously, (31) means that ω is a 2-cocycle of the Hom-pre-Lie algebra (A, ·, α) with the coefficient
in the regular representation, i.e.
∂regω(α(x), α(y), α(z)) = 0.
Furthermore, (32) means that (A,ω, α) is a Hom-pre-Lie algebra.
Definition 5.2. Let (A,Ω, α) be a Hom-pre-Lie algebra. Two linear deformations Ω1t = Ω + tω1
and Ω2t = Ω + tω2 are said to be equivalent if there exists a linear operator N ∈ gl(A) such that
Tt = Id+ tN is a Hom-pre-Lie algebra homomorphism from (A,Ω
2
t , α) to (A,Ω
1
t , α). In particular,
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a linear deformation Ωt = Ω + tω of a Hom-pre-Lie algebra (A,Ω, α) is said to be trivial if there
exists a linear operator N ∈ gl(A) such that Tt = Id+ tN is a Hom-pre-Lie algebra homomorphism
from (A,Ωt, α) to (A,Ω, α).
Let Tt = Id + tN be a homomorphism from (A,Ω
2
t , α) to (A,Ω
1
t , α). By (11), we have
N ◦ α = α ◦N. (33)
Then by (10) we obtain
ω2(x, y)− ω1(x, y) = N(x) · y + x ·N(y)−N(x · y), (34)
ω1(x,N(y)) + ω1(N(x), y) = N(ω2(x, y))−N(x) ·N(y), (35)
ω1(N(x), N(y)) = 0. (36)
Note that (34) means that ω2 − ω1 = ∂reg(N ◦ α). Thus, we have
Theorem 5.3. Let (A,Ω, α) be a Hom-pre-Lie algebra. If two linear deformations Ω1t = Ω + tω1
and Ω2t = Ω+ tω2 are equivalent, then ω1 and ω2 are in the same cohomology class of H
2(A;A).
Definition 5.4. Let (A, ·, α) be a Hom-pre-Lie algebra. A linear operator N ∈ gl(A) is called a
Nijenhuis operator on (A, ·, α) if N satisfies (33) and the equation
N(x) ·N(y) = N(x ·N y), ∀x, y ∈ A. (37)
where the product ·N is defined by
x ·N y , N(x) · y + x ·N(y)−N(x · y). (38)
Example 5.5. Let (A, ·, α) be the Hom-pre-Lie algebra given in Example 3.4. Furthermore, let
Let N =
(
−1 1
0 −1
)
. More precisely, N(e1) = −e1, N(e2) = e1 − e2. Then N is a Nijenhuis
operator on (A, ·, α).
By (33)-(36), a trivial linear deformation of a Hom-pre-Lie algebra gives rise to a Nijenhuis
operator N . Conversely, a Nijenhuis operator can also generate a trivial linear deformation as the
following theorem shows.
Theorem 5.6. Let N be a Nijenhuis operator on a Hom-pre-Lie algebra (A,Ω, α). Then a linear
deformation (A,Ωt, α) of a Hom-pre-Lie algebra (A,Ω, α) can be obtained by putting
ω(x, y) = ∂reg(N ◦ α)(x, y) = x ·N y. (39)
Furthermore, this linear deformation (A,Ωt, α) is trivial.
Proof. By (39), we have ω ◦ (α ⊗ α) = α ◦ ω and ∂regω = 0. To show that ω generates a linear
deformation of the Hom-pre-Lie algebra (A, ·, α), we only need to verify that (32) holds, that is,
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(A,ω, α) is a Hom-pre-Lie algebra. By straightforward computations, we have
ω(ω(x, y), α(z)) − ω(α(x), ω(y, z))− ω(ω(y, x), α(z)) + ω(α(y), ω(x, z))
= N(N(x) · y) · α(z) +N(x ·N(y)) · α(z)−N2(x · y) · α(z)
+(N(x) · y) ·N(α(z)) + (x ·N(y)) ·N(α(z))−N(x · y) ·N(α(z))
−N
(
(N(x) · y) · α(z)
)
−N
(
(x ·N(y)) · α(z)
)
+N
(
N(x · y) · α(z)
)
−N(α(x)) · (N(y) · z)−N(α(x)) · (y ·N(z)) +N(α(x)) ·N(y · z)
−α(x) ·N(N(y) · z)− α(x) ·N(y ·N(z)) + α(x) ·N2(y · z)
+N
(
α(x) · (N(y) · z)
)
+N
(
α(x) · (y ·N(z))
)
−N
(
α(x) ·N(y · z)
)
−N(N(y) · x) · α(z)−N(y ·N(x)) · α(z) +N2(y · x) · α(z)
−(N(y) · x) ·N(α(z))− (y ·N(x)) ·N(α(z)) +N(y · x) ·N(α(z))
+N
(
(N(y) · x) · α(z)
)
+N
(
(y ·N(x)) · α(z)
)
−N
(
N(y · x) · α(z)
)
+N(α(y)) · (N(x) · z) +N(α(y)) · (x ·N(z))−N(α(y)) ·N(x · z)
+α(y) ·N(N(x) · z) + α(y) ·N(x ·N(z))− α(y) ·N2(x · z)
−N
(
α(y) · (N(x) · z)
)
−N
(
α(y) · (x ·N(z))
)
+N
(
α(y) ·N(x · z)
)
.
Since N commutes with α, by the definition of a Hom-pre-Lie algebra, we have
(N(x) · y) ·N(α(z))−N(α(x)) · (y ·N(z))− (y ·N(x)) ·N(α(z)) + α(y) · (N(x) ·N(z)) = 0,
(N(y) · x) ·N(α(z))−N(α(y)) · (x ·N(z))− (x ·N(y)) ·N(α(z)) + α(x) · (N(y) ·N(z)) = 0,
(N(x) ·N(y)) · α(z)−N(α(x)) · (N(y) · z)− (N(y) ·N(x)) · α(z) +N(α(y)) · (N(x) · z) = 0.
Since N is a Nijenhuis operator, by the definition of a Hom-pre-Lie algebra, we have
−N(x · y) ·N(α(z)) +N(α(x)) ·N(y · z) +N(y · x) ·N(α(z))−N(α(y)) ·N(x · z)
= −N
(
(x · y) ·N α(z)
)
+N
(
α(x) ·N (y · z)
)
+N
(
(y · x) ·N α(z)
)
−N
(
α(y) ·N (x · z)
)
= −N
(
N(x · y) · α(z)
)
−N
(
(x · y) ·N(α(z))
)
+N
(
N(α(x)) · (y · z)
)
+N
(
α(x) ·N(y · z)
)
+N
(
N(y · x) · α(z)
)
+N
(
(y · x) ·N(α(z))
)
−N
(
N(α(y)) · (x · z)
)
−N
(
α(y) ·N(x · z)
)
.
Therefore, we have
ω(ω(x, y), α(z))− ω(α(x), ω(y, z)) − ω(ω(y, x), α(z)) + ω(α(y), ω(x, z))
= −N
(
(x · y) ·N(α(z))
)
+N
(
α(x) · (y ·N(z))
)
+N
(
(y · x) ·N(α(z))
)
−N
(
α(y) · (x ·N(z))
)
−N
(
(N(x) · y) · α(z)
)
+N
(
N(α(x)) · (y · z)
)
+N
(
(y ·N(x)) · α(z)
)
−N
(
α(y) · (N(x) · z)
)
+N
(
(N(y) · x) · α(z)
)
−N
(
N(α(y)) · (x · z)
)
−N
(
(x ·N(y)) · α(z)
)
+N
(
α(x) · (N(y) · z)
)
= 0.
Thus, ω generates a linear deformation of the Hom-pre-Lie algebra (A, ·A, α).
We define Tt = Id + tN . It is straightforward to deduce that Tt = Id + tN is a Hom-pre-
Lie algebra homomorphism from (A,Ωt, α) to (A,Ω, α). Thus, the deformation generated by
ω = ∂reg(N ◦ α) is trivial.
By (37) and Theorem 5.6, we have the following corollary.
14
Corollary 5.7. Let N be a Hom-Nijenhuis operator on a Hom-pre-Lie algebra (A,Ω, α), then
(A, ·N , α) is a Hom-pre-Lie algebra, and N is a homomorphism from (A, ·N , α) to (A, ·, α).
At the end of this section, we recall linear deformations of Hom-Lie algebras and Nijenhuis
operators on Hom-Lie algebras, which give trivial deformations of Hom-Lie algebras.
Definition 5.8. ([15]) Let (g, [·, ·], α) be a Hom-Lie algebra and ω ∈ C2(g; g) a skew-symmetric
bilinear operator, satisfying ω ◦ (α ⊗ α) = α ◦ ω. Consider a t-parameterized family of bilinear
operations,
[·, ·]t = [·, ·] + tω.
If (g, [·, ·]t, α) is a Hom-Lie algebra for all t, we say that ω generates a (one-parameter) linear
deformation of a Hom-Lie algebra (g, [·, ·], α).
Definition 5.9. ([15, Definition 6.6]) Let (g, [·, ·], α) be a Hom-Lie algebra. A linear operator
N ∈ gl(A) is called a Nijenhuis operator on (g, [·, ·], α) if we have
N ◦ α = α ◦N, (40)
[N(x), N(y)] = N [x, y]N , ∀x, y ∈ g. (41)
where the bracket [·, ·]N is defined by
[x, y]N , [N(x), y] + [x,N(y)]−N [x, y]. (42)
Proposition 5.10. If ω ∈ C2(A;A) generates a linear deformation of a Hom-pre-Lie algebra
(A, ·, α), then ωC ∈ C
2(AC ;A) defined by
ωC(x, y) = ω(x, y)− ω(y, x)
generates a linear deformation of the sub-adjacent Hom-Lie algebra AC .
Proof. Assume that ω generates a linear deformation of a Hom-pre-Lie algebra (A, ·, α). Then
(A,Ωt, α) is a Hom-pre-Lie algebra. Consider its corresponding sub-adjacent Hom-Lie algebra
(A, [·, ·]t, α), we have
[x, y]t = Ωt(x, y)− Ωt(y, x)
= x · y + tω(x, y)− y · x− tω(y, x)
= [x, y]C + tωC(x, y).
Thus, ωC generates a linear deformation of A
C .
Proposition 5.11. If N is a Nijenhuis operator on a Hom-pre-Lie algebra (A, ·, α), then N is a
Nijenhuis operator on the sub-adjacent Hom-Lie algebra AC .
Proof. Since N is a Nijenhuis operator on (A, ·, α), we have N ◦ α = α ◦ N . For all x, y ∈ A, by
Definition 5.4, we have
[N(x), N(y)]C = N(x) ·N(y)−N(y) ·N(x)
= N
(
N(x) · y + x ·N(y)−N(x · y)−N(y) · x− y ·N(x) +N(y · x)
)
= N([N(x), y]C + [x,N(y)]C −N [x, y]C).
Thus, N is a Nijenhuis operator on AC .
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6 O-operators and Hessian structures on Hom-pre-Lie alge-
bras
In this section, we introduce the notion of an O-operator and a Hessian structure on a Hom-pre-Lie
algebra, and study their relations.
Definition 6.1. Let (A, ·, α) be a Hom-pre-Lie algebra and (V, β, ρ, µ) a representation. A linear
map T : V −→ A is called an O-operator on (A, ·, α) if for all u, v ∈ V ,
T ◦ β = α ◦ T, (43)
T (u) · T (v) = T
(
ρ(T (u))(v) + µ(T (v))(u)
)
. (44)
Proposition 6.2. Let (A, ·, α) be a Hom-pre-Lie algebra and (V, β, ρ, µ) a representation. A linear
map T : V −→ A is an O-operator on (A, ·, α) if and only if
T¯ =
(
0 T
0 0
)
: A⊕ V −→ A⊕ V
is a Nijenhuis operator on the semidirect product Hom-pre-Lie algebra A⋉(ρ,µ) V .
Proof. First it is obvious that T¯ ◦ (α+ β) = (α+ β) ◦ T¯ if and only if T ◦ β = α ◦ T . Then for all
x, y ∈ A, u, v ∈ V , we have
T¯ (x+ u) · T¯ (y + v) = T (u) · T (v). (45)
On the other hand, since T¯ 2 = 0, we have
T¯ ((x + u) ·T¯ (y + v))
= T¯
(
T¯ (x+ u) ·⋉ (y + v) + (x+ u) ·⋉ T¯ (y + v)− T¯ ((x + u) ·⋉ (y + v))
)
= T¯
(
T (u) ·⋉ (y + v) + (x+ u) ·⋉ T (v)
)
= T
(
ρ(T (u))(v) + µ(T (v))(u)
)
,
which implies that T is an O-operator on (A, ·, α) if and only if T¯ is a Nijenhuis operator on the
semidirect product Hom-pre-Lie algebra A⋉(ρ,µ) V .
Definition 6.3. A Hessian structure on a Hom-pre-Lie algebra (A, ·, α) is a symmetric nonde-
generate 2-cocycle B ∈ Sym2(A∗), i.e. ∂TB = 0, satisfying B ◦ (α⊗ α) = B. More precisely,
B(α(x), α(y)) = B(x, y), (46)
B(x · y, α(z))− B(α(x), y · z) = B(y · x, α(z))− B(α(y), x · z), ∀x, y, z ∈ A. (47)
Let A be a vector space, for all B ∈ Sym2(A∗), the linear map B♯ : A −→ A∗ is given by
〈B♯(x), y〉 = B(x, y), ∀x, y ∈ A. (48)
Proposition 6.4. With the above notations, B ∈ Sym2(A∗) is a Hessian structure on a Hom-
pre-Lie algebra (A, ·, α) if and only if (B♯)−1 is an O-operator on (A, ·, α) with respect to the
representation (A∗, (α−1)∗, L⋆ −R⋆,−R⋆).
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Proof. Let B be a Hessian structure on a Hom-pre-Lie algebra (A, ·, α). For all x, y ∈ A, by (46)
and (48), we have
〈B♯(α(x)) − (α−1)∗(B♯(x)), α(y)〉 = 〈B♯(α(x)), α(y)〉 − 〈(α−1)∗(B♯(x)), α(y)〉
= 〈B♯(α(x)), α(y)〉 − 〈B♯(x), y〉
= B(α(x), α(y)) − B(x, y)
= 0,
which implies that B♯ ◦ α = (α−1)∗ ◦ B♯. Thus, we obtain that
(B♯)−1 ◦ (α−1)∗ = α ◦ (B♯)−1. (49)
For all ξ, η, γ ∈ A∗, set x = α−1((B♯)−1(ξ)), y = α−1((B♯)−1(η)), z = α−1((B♯)−1(γ)), i.e.
B♯(α(x)) = ξ, B♯(α(y)) = η, B♯(α(z)) = γ, by (47) and (48), we have
〈(B♯)−1(ξ) · (B♯)−1(η)− (B♯)−1
(
(L⋆ −R⋆)((B♯)−1(ξ))(η) −R⋆((B♯)−1(η))(ξ)
)
, (α−1)∗(γ)〉
= 〈α(x) · α(y), (α−1)∗(γ)〉 − 〈(B♯)−1
(
(L⋆ −R⋆)(α(x))(η) −R⋆(α(y))(ξ)
)
,B♯(α2(z))〉
= 〈x · y, γ〉 − 〈(B♯)∗(B♯)−1
(
(L⋆ − R⋆)(α(x))(η) −R⋆(α(y))(ξ)
)
, α2(z)〉
= 〈x · y,B♯(α(z))〉 − 〈(L⋆ −R⋆)(α(x))(η) −R⋆(α(y))(ξ), α2(z)〉
= 〈x · y,B♯(α(z))〉+ 〈η, (L −R)(x)(z)〉 − 〈ξ, R(y)(z)〉
= 〈x · y,B♯(α(z))〉+ 〈B♯(α(y)), x · z〉 − 〈B♯(α(y)), z · x〉 − 〈B♯(α(x)), z · y〉
= B(α(z), x · y) +B(α(y), x · z)−B(α(y), z · x)−B(α(x), z · y)
= B(α(z), x · y) +B(x · z, α(y))−B(z · x, α(y)) −B(α(x), z · y)
= 0,
which implies that
(B♯)−1(ξ) · (B♯)−1(η) = (B♯)−1
(
(L⋆ − R⋆)((B♯)−1(ξ))(η) −R⋆((B♯)−1(η))(ξ)
)
. (50)
By (49) and (50), we deduce that (B♯)−1 is an O-operator on (A, ·, α) with respect to the repre-
sentation (A∗, (α−1)∗, L⋆ −R⋆,−R⋆).
The converse part can be proved similarly. We omit details. The proof is finished.
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